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Abstract
In this brief note an integral expression is presented for the COM–Poisson
renormalization constant Z(λ, ν) on the real axis.
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1. Introduction and Motivation
Consider a rv X having classical COM–Poisson distribution initiated by
Conway–Maxwell [1962] in the following form:
P(X = n) =
λn
Z(λ, ν) (n!)ν
, λ, ν > 0; n ∈ N0,
Z(λ, ν) being the reciprocal of the normalizing constant.
To the best of my knowledge, the only existing integral expression for
Z(λ, ν) was given by Schmueli et al. [2005, p. 141, Eq. (40)] for positive
integer ν as a multiple integral
Z(λ, ν) =
1
(2pi)ν−1
∫ pi
−pi
· · ·
∫ pi
−pi
exp
{
ν−1∑
j=1
exp
{
ixj
}
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+ λ exp
{
− i
ν−1∑
j=1
xj
}}
dx1 · · ·dxν−1 .
In the same case with ν ≥ 1 assumed to be an integer, Nadarajah reported
on the closed form expression Nadarajah [2009, p. 619, Eq. (6)]
Z(λ, ν) = 0Fν(−; 1, · · · , 1;λ) ,
where 0Fν stands for the familiar generalized hypergeometric function with
zero upper and ν lower parameters.
Another fashion related approximation and extension results regarding
Z(λ, ν) are numerous, see for instance the recent articles Schmueli et al.
[2005], Gillispie–Christopher [2015], S¸ims¸ek–Iyengar [2015] and the references
therein.
2. The integral expression for Z(λ, ν)
Here a single definite integral expression is established for Z(λ, ν), for all
positive ν.
Theorem 1. For all λ, ν > 0 we have
Z(λ, ν) =
1
1− λ
+
ν
λ− 1
∫ ∞
1
x−(ν+1) λ[Γ
−1(x)] dx ,
where Γ−1 stands for the increasing branch of the inverse Gamma in the right
half-plane, while [x] denotes the integer part of some real x.
Proof. It turns out that
Z(λ, ν) =
∑
n≥0
λn
(n!)ν
=
∑
n≥0
λn e−ν lnΓ(n+1) ,
is a classical Dirichlet series. The main tool we refer to is the Cahen formula
for the Laplace integral representation of Dirichlet series (reported firstly
without proof by Cahen [1894] and proved by Perron [1908]). Namely, the
Dirichlet series
Da(r) =
∑
n≥1
ane
−rbn ,
2
where ℜ(r) > 0, possessing positive monotone increasing divergent to infinity
sequence (bn)n≥1, has a Laplace integral representation Cahen [1894, p. 97]
Da(r) = r
∫ ∞
0
e−rx
∑
n : bn≤x
an dx = r
∫ ∞
0
e−rx
[b−1(x)]∑
n=1
an dx ,
since b : R+ 7→ R+ is monotone, and there exists unique inverse b
−1 for the
function b : R+ 7→ R+, being b|N = (bn), see also Poga´ny [2005].
Thus, bearing in mind that b(x) ≡ ln Γ(x + 2) is monotone and invert-
ible for x ≥ 1, being x > α = 1.4616 · · · the abscissa of the minimum of
the Gamma function Pedersen [2015], we only have to follow the previous
derivation procedure:
Z(λ, ν) =
∑
n≥0
λn e−ν ln Γ(n+1)
= 1 + λ+ λ2ν
∫ ∞
0
e−νx
∑
n : lnΓ(n+2)≤x
λn−1 dx
= 1 + λ+ λ2ν
∫ ∞
0
e−νx
[Γ−1(ex)]−2∑
n=1
λn−1 dx
= 1 + λ+
λ2ν
λ− 1
∫ ∞
0
e−νx
(
λ[Γ
−1(ex)]−2 − 1
)
dx
=
1
1− λ
+
ν
λ− 1
∫ ∞
1
x−(ν+1) λ[Γ
−1(x)] dx ,
which finishes the proof of the stated integral representation. ✷
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